Introduction and Results
Let R −∞, ∞ . Let Q ∈ C 2 : R → R 0, ∞ be an even function, and let w x exp −Q x be such that 
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A function f : R → R is said to be quasi-increasing if there exists C > 0 such that f x ≤ Cf y for 0 < x < y. For any two sequences {b n } ∞ n 1 and {c n } ∞ n 1 of nonzero real numbers or functions , we write b n c n if there exists a constant C > 0 independent of n or x such that b n ≤ Cc n for n large enough. We write b n ∼ c n if b n c n and c n b n . We denote the class of polynomials of degree at most n by P n .
Throughout C, C 1 , C 2 , . . . denote positive constants independent of n, x, t, and polynomials of degree at most n. The same symbol does not necessarily denote the same constant in different occurrences.
We will be interested in the following subclass of weights from 1 . is quasi-increasing in 0, ∞ with T x ≥ Λ > 1, x ∈ R \ {0}.
1.5
e There exists C 1 > 0 such that
Then we write w ∈ F C 2 . If there also exist a compact subinterval J 0 of R and C 2 > 0 such that
then we write w ∈ F C 2 .
In the following we introduce useful notations.
a Mhaskar-Rahmanov-Saff MRS numbers a x are defined as the positive roots of the following equations:
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c The function ϕ u x is defined as follows:
, |x| ≤ a u , ϕ u a u , a u < |x|.
1.10
In the rest of this paper we often denote p n,ρ x simply by p n x . Let ρ n ρ if n is odd, ρ n 0 otherwise and define the integrating functions A n x and B n x with respect to p n x as follows:
where Q x, u Q x − Q u / x − u and b n γ n−1 /γ n . Then in 2, Theorem 4.1 we have a relation of the orthonormal polynomial p n x with respect to the weight w 2 ρ x :
, n is even,
1.12
and in 2, Theorem 4.2 we already have the estimates of the integrating functions A n x and B n x with respect to p n x . So, in this paper we will estimate the higher derivatives of A n x and B n x for the estimates of the higher derivatives of p n w 2 ρ ; x , because the higher derivatives of p n,ρ x play an important role in approximation theory such as investigating convergence of Hermite-Fejér and Hermite interpolation based on the zeros of p n w 2 ρ ; x see 3, 4 .
To estimate of the higher derivatives of A n x and B n x we need further assumptions for Q x as follows.
, and let ν be a positive integer. Assume that Q x is ν−times continuously differentiable on R and satisfies the followings.
a Q ν 1 x exists and Q i x , i 0, 1, . . . , ν 1 are nonnegative for x > 0. b There exist positive constants C i > 0 such that for x ∈ R \ {0} . Additionally assume that Q x is nondecreasing. Then for |x| ≤ εa n with 0 < ε < 1/2 one has
where
In this paper our main theorem is as follows.
where 0 ≤ δ < 1 is defined in 1.14 . a If Q x /Q x is quasi-increasing on c 2 , ∞ , then one has for |x| ≤ a n 1 η n and j 0, . . . , ν − 1
A n x T a n a n j , B j n x A n x T a n a n j .
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Moreover, for any 0 < ε < 1/2 there exists ε * ε, n > 0 such that for |x| ≤ εa n and j 1, . . . , ν − 1, 2 that there exists C, n 0 > 0 such that for n ≥ n 0 and |x| ≤ a n 1 Lη n ,
for positive integer ν ≥ 1 and 1 2ρ − δ ≥ 0 for ρ < 0.
In addition, for our future work we estimate a t and T a t using λ C 1 in 1.6 for the weight class F C , and we assume If from 1.25 and 1.26 we set for any 0 < η < 2 
Proof of Theorems
In this section we will prove the theorems of Section 1. |u| a n /n
|u| a n /n 2ρ du ≤ C 1 a n n a n 2ρ 0≤u≤a n /n |u| 2ρ du ≤ C 1 a n n a n 2ρ a n n 1 2ρ
because we know that a n o n from 1, Lemma 3.5 c . Next we see by Lemma 2.1 a a n /n≤u≤c p n w ρ 2 u du ≤ C 1 a n .
2.7
Therefore, we have the result. Lemma 2.3. Let ρ > −1/2 and let w x ∈ F C 2 . Then a one has 0≤u≤∞ p n w 2 u |u| a n n 2ρ Q u du ∼ n a n , 2.8
b for x ∈ 0, a n /2 one has Q x ≤ C n a n x a n Λ−1 .
2.9
Proof. a It is from 2, Lemma 4.3 d . b It is from 1, Lemma 3.8 3.42 . |u| a n /n 2ρ 1 a n |u| 2ρ |u| a n /n 2ρ .
2.11
Since Q x is nondecreasing and 1 − 1/2 Λ 1 /2Λ ≤ θ − ε /θ ≤ 1, we have using Lemma 2.3 b :
2.12
Moreover we know that for ρ > −1/2,
|u| a n /n 2ρ dx |u|≤an/n a n /n≤|u|≤θa n a n n θa n .
2.13
Therefore, we have
2.14
Consequently, we have the result using Cauchy-Schwartz inequality 
2.18
Here we used Lemma 2.1 b .
Since for a constant C > 0 and λ n → 0 as n → ∞. We know from 2, Lemma 4.7 that b n γ n−1 /γ n ∼ a n . From 1.22 we have A n x /b n ∼ n/a 2 n for |x| ≤ εa n and from the preceding considerations and the definition of B n x it follows that for |x| ≤ εa n
where for some positive constant C > 0
Consequently, 1.17 is proved, and we can obtain that lim ε → 0 lim n → ∞ λ ε, n 0. Now, we have for |x| ≤ εa n A n x ∼ n a n , |B n x | < λ ε, n n a n .
2.23
Proof of Theorem 1.4. First, we see that for 1
2.24
We split proof of 1.20 into some lemmas as follows:
1 Lemma 2.6 is for 0 ≤ x ≤ a n 1 η n , a 4n ≤ u, and 1 ≤ j ≤ ν − 1;
2 Lemma 2.9 is for a n /2 ≤ x ≤ a n 1 η n , 0 ≤ u ≤ a 4n , and j ν − 1;
3 Lemma 2.10 is for 0 ≤ x ≤ a n /2, 0 ≤ u ≤ a 4n , and j ν − 1;
4 Lemma 2.11 is for 0 ≤ x ≤ a n 1 η n , 0 ≤ u ≤ a 4n , and 1 ≤ j ≤ ν − 2;
on the other hand, 1.21 will be proved by Lemmas 2.13 and 2.6. For 1 ≤ j ≤ ν − 1 there exists η between u and x such that
2.25
Then for x ≥ 0 and u ≥ 0, since Q j 1 u is increasing for 1 ≤ j ≤ ν − 1, we have
If u < 0 and x > 0, then since
2.27
11
So, for this case we can prove the result similarly to the case x, u > 0. For the other cases, we can prove it by the symmetry of Q, similarly. Therefore, we assume that u and x are nonnegative, and we will prove this theorem only for nonnegative x and u. Moreover, for simplicity, we let c 1 c 2 without loss of generality, because we know by 1.13 that Q ν 1 u is bounded for any u between c 1 and c 2 .
On the other hand, if Q j 2 u is increasing, then
is also increasing for u because there exists a point ξ between x and u such that
2.29
Moreover, if Q ν 1 t ≤ C 1/t δ for t between x and u, then we see
2.30
To complete the proof of Theorem 1.4 we prove a series of lemmas.
Lemma 2.6. Let 0 ≤ x ≤ a n 1 η n and 1 ≤ j ≤ ν − 1:
T a n a n j A n x a n .
2.31
Proof. Since 
and so from our assumption,
if C < Q x . We use this fact. Let 2ρ β i where β < 0, and let i be a nonnegative integer, and let P u p
Q a 4n ≤ C T a n a n j , ≤ T a n a n j w a 4n a β 4n
P t w u du.
2.38
Applying Lemma 2.1 d with L ∞ , L 1 -norm and Lemma 2.1 c ,
a n Pw x L 1 La n /n≤|x|≤a n 1−Lη n .
2.39
13
Therefore,
2.40
Consequently we have T a n a n j w a 4n a β 4n a 4n <u P u w u Q u du ≤ T a n a n
T a n a n j nT a n
T a n a n j T a n a n j A n x a n .
2.41
Lemma 2.7. If Q x /Q x is quasi-increasing on c 1 , ∞ or if Q ν 1 x is nondecreasing on c 1 , ∞ , then one has
T a n a n
2.42
Proof. Case a-1 . 0 ≤ u ≤ c 1 and c 1 ≤ x ≤ a n /2. Let 
Q a n /2 − Q c 1 a n /2 − c 1 Q a n /2 Q a n /2 ν−1 Q a n /2 a n T a n a n ν−1 n a 2 n .
2.44
If Q ν 1 x is nondecreasing on c 1 , ∞ , there exists a point ξ ∈ c 1 , x such that by 2.28 and 1.13
Q a n /2 Q a n /2 − Q c 1 a n /2 − c 1 Q a n /2 Q a n /2 ν−1 Q a n /2 a n T a n a n ν−1 n a 2 n .
2.45
Case a-2 . For c 1 ≤ u ≤ 2c 1 and 0 ≤ x ≤ c 1 , we have similarly to Case a-1 ,
T a n a n ν−1 n a 2 n .
2.46
Case b . 2c 1 ≤ u ≤ a n /3 and 0 ≤ x ≤ c 1 . Using the method of Case a-1 , and similarly to Case a-2 ,
2.47
Case c . c 1 ≤ u ≤ a n /3 and c 1 ≤ x ≤ a n /2. We can prove similarly to Q 1 u and Q 2 x of Case a-1 . If Q x /Q x is quasi-increasing on c 1 , ∞ , there exists a point ξ ∈ c 1 , x such that by 1.13
Q a n /2 Q a n /2 ν−1 Q a n /2 a n ∼ T a n a n ν−1 n a 2 n .
2.48
If Q ν 1 x is nondecreasing on c 1 , ∞ , there exists a point ξ ∈ c 1 , x such that by 1.13
x − u ≤ Q ν a n /2 − Q ν u a n /2 − u |Q a n /2 | Q a n /2 ν−1 Q a n /2 a n ∼ T a n a n ν−1 n a 2 n .
2.49
Lemma 2.8. One has
T a n a n ν−1 Q x, u , 0 ≤ u ≤ a 4n , a n 2 ≤ x ≤ a n 1 η n , T a n a n ν−1 Q x, u a n 3 ≤ u ≤ a 4n , 0 ≤ x ≤ a n 2 .
2.50
Proof. Case a . 0 ≤ u ≤ c 1 and 0 ≤ x ≤ c 1 . From 2.30 and 1.14
2.51
Case b-1 . 0 ≤ u ≤ a n /3 and a n /2 ≤ x ≤ a n 1 η n . Since by 1, page 64, Lemma 3.2 a Q a n /2 Q a n /3 ≥ 3 2
